Abstract. Molecular dynamics (MD) simulations and micromechanical modeling are used to predict the bulk-level
Introduction
Nanostructured materials have received significant attention in recent years due to their potential to provide gains in specific stiffness and specific strength relative to traditional materials for engineering applications. The efficient development of these materials requires simple and accurate structure-property relationships that are capable of predicting the bulk mechanical properties of as a function of the molecular structure and interactions. Modeling techniques spanning over multiple length scales must be used to establish these structure-property relationships. At the atomistic length scale, molecular dynamics (MD) has been shown to be a powerful technique for predicting the equilibrated molecular structures of polymer-based materials for a given thermodynamic state [1] [2] [3] [4] [5] [6] . The mechanical behavior of such material systems can be studied with the aid of a representative volume element (RVE) that is capable of quantitatively depicting the macro-scale characteristics.
RVEs have been extensively used in the constitutive modeling of both crystalline and amorphous materials [7] [8] [9] [10] [11] . However, central to this methodology is the choice of the RVE that can accurately capture the material's bulk-scale mechanical behavior. The optimal choice of an RVE for an amorphous nanostructured material remains a challenge. Although traditional methodologies have been applied to continuous materials [8] , selection of nanometer-sized RVEs for discrete polymer structures has not been rigorously addressed [12] . Ostoja-Starzewski has proposed establishing a statistical volume element (SVE) that approaches an RVE under certain limiting conditions [9, 10] . A multiscale modeling approach has been recently developed to account for a range of conformational microstates of a polymeric network must be accounted for [13] , where a microstate refers to a single equilibrated nanometer-sized RVE with a unique molecular structure (polymer network). In these studies, physically-motivated statistical weighting of properties obtained from individual microstates for each polymer were utilized to establish bounds of the predicted moduli and are subsequently compared to experimentally-measured values of moduli for these materials.
The mechanical response of polymers is a consequence of the short-and long-range interactions of the constituent molecular chain network. The finite-chain network can only sample a small portion of the conformational space of the bulk polymer. As a result, the physical properties of a polymer can vary substantially on the nanometer length-scale [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Similarly, the RVE size can influence the predicted mechanical properties of a polymer [24] using multiscale modeling techniques. Increasing the RVE size of a modeled polymer establishes predicted physical properties over a larger conformational space. The effect of the molecular RVE size on predicted polymer properties in multiscale models of polymers needs to be rigorously investigated.
In this study, a multiscale modeling technique has been used to predict the bulk elastic moduli of polyimide and polycarbonate material systems using different RVE sizes and two different force fields. Multiple microstates for each RVE size were considered. The calculated weighted average for the microstates of each RVE size was found to be in good agreement with the experimentally measured properties. Also, it was found that increasing the RVE size provided evidence for a convergence to limiting values, as expected from data from bulk-scale experiments. The results of this study demonstrate this conclusion for the first time using a statistical-based multiscale modeling method [13] . Figure 1 shows the polymer repeat units for the two polymer materials used in the current study. MD simulations were carried out on two polymer materials, a polyimide and a polycarbonate. Three different RVE sizes were modeled for the two polymer materials. Nine independently-established thermallyequilibrated structures were obtained for each polycarbonate RVE size. For polycarbonate, the smallest RVE consisted of 3,972 atoms with 6 polymer chains; the medium-sized RVE had 5,958 atoms with 9 polymer chains and the largest RVE had 7,944 atoms with 12 polymer chains. All polycarbonate chains for the different RVE sizes had 20 repeat units per chain. Each of the nine structures for each RVE size represents a microstate for the polycarbonate system. For the polyimide system, the smallest RVE consisted of 4,244 atoms with 7 polymer chains; the medium sized RVE consisted of 6,622 atoms with 11 polymer chains, and the largest RVE consisted of 8,248 atoms with 14 polymer chains. Each polyimide chain consisted of 10 repeat units per chain. A total of nine RVEs were established for the small and the large models of polyimide and seven for the medium-sized RVE. Similar to polycarbonate, each polyimide model represented a single microstate for the corresponding RVE size. The chain lengths were chosen to be the same as used previously [13] . The above-described procedure was identically used for both the AMBER and OPSL-AA force fields, as implemented in the TINKER modeling package. The functional forms of these force fields are described in greater detail elsewhere [6] . The published values of g T for the polycarbonate and polyimide systems are 145 and 211°C, respectively [25, 26] .
Molecular Modeling
All RVE structures were initially prepared in a gas-like phase with extremely low densities. For each RVE sample, the polymer chains were placed in a simulation box with random conformations and orientations. Energy minimization simulations were conducted initially without periodic boundary condition to relax individual chains. Afterwards, the periodic boundary conditions were applied and a series of minimizations were carried out at gradually-increasing densities. The MINIMIZE and NEWTON subroutines of the TINKER modeling package were used for these minimizations, which correspond to a quasi-Newton L-BFGS method [27] and a truncated Newton energy minimization method [28] , respectively. The minimizations were performed to RMS gradients of 1×10 -2 and 1×10 -5 kcal/mole/Å, respectively.
Once each of the RVEs were established with the approximate solid bulk density, a series of MD simulations were used to establish thermally-equilibrated solid structures in the following order at 300 K:
(1) a 50 ps simulation with the NVT (constant number of atoms, volume, and temperature) ensemble to prepare the structure for further equilibration, (2) a 100 ps simulation with the NPT (constant number of atoms, pressure, and temperature) ensemble at 100 atm to evolve the system to higher densities as the structure was prepared from a low density structure, (3) a 100 ps NPT simulation at 1atm to reduce the effects of high-pressure simulations and to let the system evolve to a state of minimal residual stresses, and (4) a 100 ps NVT simulation to allow the system to equilibrate at the simulated temperature and density for a specific microstate. The DYNAMIC subroutine of the TINKER modeling package was used for the MD simulations with periodic boundary conditions. Examples of the molecular models that were established in a manner described above are shown in Figure 1 . The final specific weight of each RVE was approximately between 1.1 and 1.2. A total of 115 RVEs were modeled for the current study. These simulations were all conducted at 300 K for two reasons. First, stable amorphous structures of the polymers could be established at this temperature. Second, because it is expected that the glass transition temperature of these two systems is much higher than 300 K, the calculated elastic properties should not be significantly influenced by the thermal history of the system. It is important to note that although engineering polymers are subjected to loads on time scales that are orders of magnitude above 1 second in engineering practice, limited computational resources restricted simulation times for establishing molecular structures on the order of hundreds of picoseconds. 
Equivalent-Continuum Properties
An equivalent-continuum modeling approach was used to determine the equivalent-continuum mechanical properties of each RVE (microstate). A hyperelastic-continuum constitutive relation [6] was used to model the elastic behavior of the equivalent-continuum material models. The constitutive relationships of these models had the following characteristics: (1) isotropic material symmetry due to the amorphous molecular structures, (2) finite-deformation framework, (3) expressed in terms of volumetric (shape preserving) and isochoric (shape changing) contributions, and (4) established using a thermodynamic potential. The assumed form of the equivalent-continuum strain energy is vol iso c ψ ψ 
The parameters Ω 1 and Ω 2 in Equation (3) represent the volumetric and isochoric components of the strain-energy density; c 1 and c 2 are constants which represent material properties; and I 1 , I 2, and I 3 are the scalar invariants of the right Cauchy-Green deformation tensor, C. The second Piola-Kirchhoff stress tensor is therefore [6] ( ) 
where I is the identity tensor.
Equation (4) contains material parameters c 1 and c 2 which were evaluated for each microstate by equating the equivalent-continuum strain energy and the molecular potential energy for a set of identical deformation fields applied to the equivalent continuum and the molecular models [29] . For the molecular models, the strain-energy densities are computed from the force field using
where, 0 m Λ and m Λ are the molecular potential energies before and after application of the deformations, which are directly computed from the force field, and V 0 is the volume of the simulation box in the undeformed state.
Two sets of finite deformations were applied to each of the RVEs and the equivalent-continuum in incremental steps. The molecular potential energy was calculated for each deformation using molecular statics. Specifically, for each deformation, an energy minimization was performed with periodic boundary conditions. The MINIMIZE and NEWTON subroutines of the TINKER modeling package were used for the energy minimization in the same manner as described above. For the volumetric deformation, volumetric strains (E 11 = E 22 = E 33 where E is the Green strain tensor) of 0.1%, 0.2%, 0.3%, 0.4% and 0.5% were applied. For the isochoric deformations, three-dimensional shear strain levels of γ 23 = γ 13 = γ 12 = 0.1%, 0.2%, 0.3%, 0.4% and 0.5% (γ ij = 2E ij when i ≠ j) were applied. By equating the energies of deformation for the RVEs and the equivalent continuum for each of the two deformation types, the elastic properties were determined as described in detail elsewhere [6] .
Effective Polymer Properties
The equivalent-continuum properties of each RVE obtained as described in the previous section was used to determine effective bulk properties of the polymer materials for each of the RVE sizes. The equivalentcontinuum properties represent the deformation response of the particular chain arrangements associated with the RVEs. It is expected that the approach described in the previous section will generally yield different predicted properties for different RVEs (for a given RVE size). Each of the RVEs is of the order of a few nanometers in length. However, the bulk-polymer response is an average mechanical response of the large number of RVEs that are statistically probable for a given polymer system. Due to the computational time and cost associated with establishing every possible conformational microstate for a polymer system, the modeling procedure described herein approximates the bulk material behavior with only a finite number of RVEs obtained as described in Section 2. To this end, the bulk polymer elastic behavior of each polymer system was determined using a physically-motivated weighted-averaging scheme. The details of this scheme have been described in detail elsewhere [13] , but are briefly discussed below in the context of the current study for completeness.
The Voigt model (rule-of-mixtures) assumes that the strains in all of the phases of a composite material are the same for a given bulk-level deformation. As a result, the predicted properties of a composite from the Voigt model corresponds to the upper bound of possible bulk elastic properties [30] . This approach provides a simple estimate of the expected properties for a material composed of phases or microstates of varying properties. The Voigt model prediction for a material with arbitrary number of constituents is given by, Although better estimates for multi-phase materials have been established for composite materials [31] , these generally assume a more specific geometry of the phases, such as fibrous or spherical reinforcements. Because the exact geometric shapes of the microstates considered herein are unknown, Equation (6) was utilized to estimate the bulk mechanical properties of the two polymer systems.
The evaluation of the properties based on the Voigt approach is dependent on the volume fractions of the constituent microstates, as indicated by Equation (6) . However, the distribution of microstates in a polymer material is generally unknown. A simple approach for selecting the relative volume fractions of the phases was recently proposed [13] . For this approach, it is assumed that the volume fraction of a particular microstate is equal to the probability of its existence so that r c in Equation (6) is replaced by the probability r p . Because there are no well-established distribution functions that describe r p for an amorphous polymer material, assumed forms of the function have been proposed [13] .
For the research described herein, it was assumed that r p is determined using a physically-intuitive distribution that is biased based on the equilibrium potential energy of a particular microstate. Many engineering polymers operate much below the glass transition temperature, and thus exist in a glassy state. Due to the statistical nature of the growth of polymer networks during polymerization of addition polymers [32] , the networks do not crystallize due to steric hindrance. It is expected that the lower-energy microstates are thermodynamically favored, with a higher probability than high-energy microstates. This approach has been shown to provide accurate estimates for the mechanical properties of polymers [13] . Motivated by this argument, a probability distribution function that satisfies this requirement is 
where N is the total number of different microstates considered and r Λ is the potential energy of microstate r calculated using the functional forms of each force field [6] . The definition in Equation (8) satisfies the requirement analogous to ( More detail on this modeling approach can be found elsewhere [13] .
Although the resulting distribution predicted by Equation (8) is similar to that predicted by the Boltzmann distribution, Equation (8) has been chosen to more accurately represent the modeled systems. The Boltzmann distribution describes the probability of occurrence of different states for a single given temperature. However, the peculiar nature of the energy landscape of polymer glasses is the presence of high energy barriers that may restrict transitions from higher energy basins to lower energy basins. These high energy barriers are due to the presence of significant steric hindrances in the network. Computationally, the high energy barriers can be further exaggerated due to the limited time steps that can be efficiently performed with MD techniques. In effect, this leads to a modeled material with configurations that would thermodynamically correspond to higher temperatures than that of the ambient reservoir. As a result, the actual distribution of microstates in a glassy polymer can be modeled as having a more even distribution along different energy levels than that described by the Boltzmann distribution. Therefore, the more distributed distribution described by Equation (8) is more appropriate for the polymer systems modeled herein. Tables 1-12 summarize the results obtained for each microstate for the two different polymers for OPLS-AA and AMBER force fields. For each microstate, the methodology outlined in Section 3 was utilized for homogenization to predict the equivalent-continuum properties. It was found that there was a significant variation in the predicted properties for the various microstates. The deformation response for a polymer system is a consequence of the elaborate molecular chain network. As these microstates sample different conformational space in the molecular models, it is expected that they exhibit a wide range of properties. A previous study also indicated a large variation in the local mechanical properties of amorphous polymers [12] . It was also reported that there was a strong correlation between the size of the simulated model and the variation in the predicted properties with a wider distribution in properties observed at smaller RVE sizes.
Results and Discussion
It is important to note that the method that was used to build the molecular models may have an influence on this observed behavior. As explained above, the preparation of the samples was via a random placement of chains in the simulation box. Because of the bulky aromatic rings in the polymer chains, there is an increased likelihood of significant steric hindrances preventing the microstates from achieving lower energy states. While other approaches to establishing molecular structures have been used, such as hybrid Monte Carlo-MD techniques and the simulated growth of polymer chains from the monomeric melt, it is still unclear how the method of preparation might lead to more consistent network models and thus predicted mechanical properties. Tables 1-12 show negative stiffnesses. In general, negative stiffness materials are considered unstable, and assumed not to exist at the bulk level under normal conditions. The current methodology relies on the change in energy of the RVE under applied deformations for evaluation of the equivalent-continuum properties. The energy of the RVE is governed by the force field which is a function of the atomic positions of the constituent atoms and empirical constants. This dependence of the energy of a glassy polymer on atomic coordinates can be understood in terms of the energy landscape concept. The energy landscape is a conceptual representation of the potential energy of the molecular system as a function of its constituent atomic coordinates. The energy of the system is altered when any or all of the atomic coordinates are changed. This landscape is sampled during MD simulation and driven by kinetic energy. A molecular structure (microstate) at a local minimum of this landscape represents an equilibrated structure that is mechanically stable [33] . When the polymer network is mechanically deformed, the energy landscape of the polymer is altered [34] and a microstate can potentially relax to an adjacent local minimum with energy lower than the pre-deformed state leading to an overall negative change in energy, resulting in an apparent negative stiffness per Equation (5). This is likely even if a particular microstate is in a rather "shallow" minimum energy valley. Deformation energy can provide an impetus for such a microstate to move to an adjacent local minimum with lower energy. Recent studies have shown that large inhomogenities in amorphous materials can result in localized regions of negative stiffness [12] . It is hypothesized that the interface between the negative and the positive stiffness can be responsible for localized events in amorphous materials [12] , such as shear bands in metallic glasses and crazing in polymers. Also, it has been shown that isotropic materials with negative stiffness can be a stable phase in a composite [35] .
The two methods described in Section 4 were used to estimate the bulk-level properties of the two polymer systems based on the data presented in Tables 1-12 . Figure 2 shows a plot of the average Young's modulus as a function of the RVE size. In the figure, the polycarbonate material simulated with AMBER and polyimide with OPLS-AA show a decrease in the predicted moduli as opposed to the other two cases that exhibit a non-monotonic change. It can be seen from Figure 2 that the moduli predicted for the two force fields are of the same order. It is possible that the general trend of the decrease of Young's modulus with RVE volume could be more well-defined if more microstates and RVE sizes were included in the simulations. It is also possible that the trend may be influenced by the method that was used to prepare the molecular structures. Also shown for reference in Figure 2 is the Young's modulus of the two materials as experimentally established elsewhere [25, 26] . Figure 3 shows the standard deviation (not the standard error of the mean) in the different cases as a function of the RVE size. The standard deviation of the Young's modulus also follows a similar trend as the averages shown in Figure 2 in which the standard deviation generally appears to decrease with increased RVE size, as expected. It is expected that increasing the number of microstates and RVE sizes further would result in more well-defined trends in the case of the polycarbonate simulated with OPLS-AA [24, 12] . It is possible that more well-defined trends in the standard deviations could be observed if alternative molecular preparation techniques were used. Figure 4 shows the energy-biased weighted averages (described in Section 4) as a function of RVE size. The weighted average showed a decrease in predicted Young's modulus with increasing RVE size with the exception of the polycarbonate with OPLS-AA, which was non-monotonic. The polycarbonate with AMBER and the polyimide with AMBER cases show a strong convergence trend to an asymptotic limit with increase in RVE size. In case of polyimide with OPLS-AA, there is a decrease in the predicted values with increasing size; however, there is no clear indication of the convergence. These observations generally agree with previously-reported trends in which smaller RVEs exhibit larger scatter in mechanical response [24, 12] . The predicted moduli for both polyimide and polycarbonate are higher than the experimental values. It is expected that this is partially because the RVEs represent ideal polymer structures free of any defects such as trapped solvents, unreacted monomer, or trapped air. Based on previous studies [6] , such higher properties are expected from the current modeling methodology. Also, it is clear that the trends shown with the weighted average in Figure 4 show a stronger trend toward convergence than those shown with the simple average in Figure 2 . 
Summary and Conclusions
MD simulations and micromechanical modeling were used to predict the bulk-level Young's modulus of polycarbonate and polyimide polymer systems as a function of RVE size and force field type. For each set of Young's modulus predictions, the estimate associated with simple averages of the microstate Young's moduli (with standard deviations) and an energy-biased weighted averaging approach were performed.
The data generally indicate that as the RVE sizes increase, the predicted values of Young's modulus approach the experimental value for both polymer systems and force fields. Also, the standard deviation generally decreases as the RVE size increases for the simple averaging approach. These results are expected since larger RVEs sample a larger portion of the conformational energy space for polymer chain configurations, thus resulting in predicted values that are in more agreement with bulk-level measurements of Young's modulus. Comparison of Figures 2 and 4 (plotted on the same scale) reveals no clear trend regarding the agreement of Young's modulus with experiment using the average and weighted average schemes.
This data indicates that accurate predictions of bulk elastic properties of polymers using multiscale modeling approaches require relatively large RVEs for more accurate properties. Although it is unclear how large molecular RVEs need to be for accurate predictions from single RVE simulations, it is clear that multiple microstates need to be considered for the molecular RVEs of practical size (given normal computational resource limits), and that energy-biased micromechanical predictions [13] provide improved predicted properties over simple arithmetic averaging of microstate property. From the results of this study, RVE volumes approaching at least 100,000 Å 3 are necessary for accuracy within the energybiased micromechanical framework employed herein. It is also clear from these results that the presence of regions of negative-modulus on the nanometer-length scale is expected and consistent with the literature. Despite the presence of such regions, the bulk-level predicted properties are close to those observed experimentally. Polycarbonate -AMBER Polycarbonate -OPLS-AA Polyimide -AMBER Polyimide -OPLS-AA Experiment-Polycarbonate Experiment-Polyimide
